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In the presence of conservation laws, superpositions of eigenstates of the corresponding conserved
quantities cannot be generated by quantum dynamics. Thus, any such coherence represents a
potentially valuable resource of asymmetry, which can be used, for example, to enhance the precision
of quantum metrology or to enable state transitions in quantum thermodynamics. Here we ask if
such superpositions, already present in a reference system, can be broadcast to other systems,
thereby distributing asymmetry indefinitely at the expense of creating correlations. We prove a
no-go theorem showing that this is forbidden by quantum mechanics in every finite-dimensional
system. In doing so we also answer some open questions in the quantum information literature
concerning the sharing of timing information of a clock and the possibility of catalysis in quantum
thermodynamics. We also prove that even weaker forms of broadcasting, of which A˚berg’s ‘catalytic
coherence’ is a particular example, can only occur in the presence of infinite-dimensional reference
systems. Our results set fundamental limits to the creation and manipulation of quantum coherence
and shed light on the possibilities and limitations of quantum reference frames to act catalytically
without being degraded.
Introduction. Cloning and broadcasting, with their as-
sociated no-go theorems, are central results marking the
difference between classical and quantum information.
No cloning is the result that there is no machine that
takes as input an unknown member of a family of distinct
quantum states S = {ρiS}ni=1 and outputs two indepen-
dent copies of it: ρiS 7→ ρiS ⊗ρiS′ for every i (unless n = 1
or the states are mutually orthogonal) [1]. Broadcast-
ing is a generalization of this task, in which we require
the machine to only ‘locally clone’ the state: ρiS 7→ σiSS′
with TrS
[
σiSS′
]
= ρiS′ , TrS′
[
σiSS′
]
= ρiS , for every i. The
no-broadcasting theorem says that this is possible if and
only if the states in S are mutually commuting [2].
The ability to create quantum states that are in a
superposition of eigenstates of an observable is a ma-
jor paradigm shift distinguishing classical and quantum
theories. An archetypical example is the generation of
states that are in a coherent superposition of different
eigenstates of the Hamiltonian HS . These can be used
as resources for metrology [3] and quantum thermody-
namics [5], and they determine quantum speed limits
[4]. In this work we extend the notions of cloning and
broadcasting to ask: can a superposition (or ‘quantum
coherence’) be cloned or broadcast? More generally, can
other forms of asymmetry with respect to a group rep-
resentation be broadcast? Here we show that this is for-
bidden by the laws of quantum mechanics, thereby solv-
ing certain open problems in the quantum information
and thermodynamics literature [6–10]. Connecting to re-
cent results [11], we also show that even weaker forms of
broadcasting are allowed by quantum theory only in the
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FIG. 1. A weak broadcasting protocol (see Def. 3). A reference
system R distributes asymmetry/coherence to a system Sn,
transforming it from an eigenstate to a superposition of eigen-
states. The state of R gets correlated to Sn and is allowed
to change, but it must be able to induce the same transition
on a fresh copy of the system Sn+1 for all n. A˚berg’s pro-
tocol [11] is a special case of weak broadcasting of coherence
with dimR =∞.
presence of infinite-dimensional reference systems. Our
no-go theorems apply to the task of broadcasting a single
known superposition when the dynamics is restricted by
a conservation law; it hence complements the no-go theo-
rem derived for the creation of superpositions of multiple
unknown states through unrestricted dynamics [12].
Quantum coherence and conservation laws. In the orig-
inal no-go theorems, the constraint that makes cloning
and broadcasting nontrivial is that we ask for a single
machine to accomplish the task for every state within S.
In the case of cloning/broadcasting a single superposi-
tion, which is the notion we want to formalize here, what
makes the problem nontrivial is the presence of conser-
vation laws. Hence, let us discuss conservation laws in
more detail.
Suppose that we have a closed system whose unitary
dynamics U is restricted by conservation laws [U,Oi] = 0,
where the Oi are conserved quantities. In this case, U
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2cannot create coherent superpositions of eigenstates of
the Oi from single eigenstates, or from incoherent mix-
tures of such eigenstates. This state of affairs admits
a more general description in terms of symmetries. We
have a connected Lie group G, and, for any g ∈ G, a uni-
tary Ug such that g 7→ Ug defines a continuous (possibly
projective) group representation. The conservation laws
can be seen as arising from the symmetry of the unitary
dynamics U , which must satisfy
[U,Ug] = 0 for every g ∈ G. (1)
The states ρS that are a coherent superposition of the
corresponding charges (energy, angular momentum, etc.)
are those that satisfy Ug(ρS) := UgρSU†g 6= ρS for at least
one g ∈ G. Since these are not invariant under the action
of the symmetry, they can be called G-asymmetric, oth-
erwise they are called G-symmetric [13]. A G-symmetric
state cannot be made asymmetric if the unitary dynamics
is itself symmetric with respect to G, i.e.
ρS(g) := Ug(ρS) = ρS ⇒ Ug(UρSU†) = UρSU† (2)
if U satisfies Eq. (1).
The impossibility of creating superpositions of differ-
ent energy levels when the dynamics preserves energy
is a particular instance of the the impossibility of cre-
ating asymmetric states from symmetric dynamics. To
see this explicitly, note that in the case of the group of
time translations generated by HS , the states that have
nonzero off-diagonal terms in the energy eigenbasis are
exactly those ρS not invariant under time translations,
Ut(ρS) 6= ρS for some t, where Ut = e−iHSt (equivalently,
[ρS , HS ] 6= 0). Formally, this can be seen as a represen-
tation of the Abelian group G = R via time translations.
This definition of coherence must be distinguished from
different notions employed in other works, where coher-
ence sometimes refers to superpositions in an arbitrary
basis (see the Scope section in the Supplemental Mate-
rial).
Extension to open quantum systems. The above char-
acterization is easily extended to open quantum system
dynamics [13, 14]. In fact, one can introduce an ancilla A
with no quantum asymmetry and assume a conservation
law holds on SA, i.e.,
E(ρS) := TrA
[
U(ρS ⊗ ρA)U†
]
, (3)
with [U,Ug ⊗ UAg ] = 0 ∀g ∈ G if UAg is the action of
the symmetry group G on the ancilla, and ρA satisfies
UAg (ρA) := UAg ρAUAg = ρA ∀g ∈ G. The channels defined
in Eq. (3) are called G-covariant (or symmetric) and they
can equivalently be characterised as those satisfying ([15,
Theorem 25], [16])
[E ,Ug] = 0 for every g ∈ G.
While this is formally analogous to Eq. (1), note that
there is in general no conservation law on S of the form
of Eq. (1); it is rather the global unitary U acting on both
system and environment that satisfies a conservation law.
Returning to the case where G = R is the group of
time translations, if the dynamics is R-covariant (better
known as phase covariant), then 1. the ancilla has Hamil-
tonian HA and is in a state ρA with [ρA, HA] = 0 (i.e.,
incoherent in the energy basis) and 2. the global unitary
U satisfies overall energy conservation, [U,HS+HA] = 0.
An example of R-covariant maps are thermal operations,
defining the resource theory approach to thermodynam-
ics [17–20]:
ET (ρS) := TrA
[
U (ρS ⊗ γA)U†
]
, (4)
where γA = e
−βHA/Tr
[
e−βHA
]
and β ≥ 0 is some fixed
inverse background temperature.
Covariant open dynamics generalize symmetric uni-
taries and still cannot create coherence:
Ug(ρS) = ρS ∀g ∈ G⇒ Ug(E(ρS)) = E(ρS) ∀g ∈ G
(5)
if E is a symmetric channel. This generalizes Eq. (2).
Furthermore, if in Eq. (3) we allowed asymmetric uni-
taries or asymmetric ancillas, then it would be simple to
create an unlimited amount of coherence. For the ex-
ample of time translations (say, with HS equal to the
Pauli Z matrix for concreteness), a trivial example of
the first kind is to perform a Hadamard unitary on S
(which does not conserve energy); and a trivial example
of the second kind is to introduce an ancilla with Hamil-
tonian HA = HS and in a state (|0〉+ |1〉)/
√
2, and then
to perform a swap on SA.
Coherence broadcasting. To possess a system R in a
state displaying quantum coherence — or more generally
breaking a symmetry — is a resource that allows us to lift
the constraints imposed by conservation laws (sometimes
R is called a reference frame and the constraint a supers-
election rule) [13, 14]. Various studies noted that the use
of quantum coherence as a resource, for example to gener-
ate coherence in other subsystems, seems to always come
with a degradation of the coherence source [13, 21–23].
This intuitive picture has partially been put into question
by a recent result of A˚berg, who proved the existence of
a protocol exhibiting a form of ‘coherence catalysis’ [11],
in which a ‘coherent seed’ can be used to generate coher-
ence in arbitrarily many subsystems that get correlated
in the process. This protocol can be applied to the task
of work extraction from coherence [11, 32], and it led to
further theoretical insights on the distribution of coher-
ence and asymmetry [10]. However, A˚berg’s construction
uses an infinite-dimensional reference system whose sup-
port spreads in energy at each use without bound, which
also requires control of an arbitrarily large number of en-
ergy levels. This raises the question of whether the same
functionality can be attained with a finite reference.
Here we clarify the situation by proving three general
no-go theorems. Our results illuminate how coherence
or asymmetry can or cannot be distributed in a cat-
alytic fashion. Given the above discussion on conser-
vation laws, we define the notions of cloning and broad-
3casting of asymmetry. We start with the thermodynam-
ically relevant case of energetic coherence, then extend
to general symmetry groups and subsequently consider
weaker forms of broadcasting as illustrated in Fig. 1. To
state the definition, we use the notation ρR|ρ′S to denote
an arbitrary bipartite state σRS (in general correlated
or entangled) that has reduced states ρR = TrSσRS and
ρ′S = TrRσRS .
Definition 1 (Coherence cloning and broadcasting). We
say that the coherence of ρR can be broadcast if there
exists a state ρS with [ρS , HS ] = 0 and a time-translation
covariant channel E with
E(ρR ⊗ ρS) = ρR|ρ′S ,
such that [ρ′S , HS ] 6= 0. We say that the coherence in ρR
is cloned if, in addition, the output is uncorrelated, i.e.
E(ρR ⊗ ρS) = ρR ⊗ ρ′S . (6)
In all of this work, we restrict ourselves to the case
that both R and S are finite-dimensional, unless specified
otherwise.
Some comments are in order. First, note that we define
coherence broadcasting in a very general way: we only
require ρ′S to have some coherence, rather than having in
any sense ‘the same’ coherence as ρR. Cloning of coher-
ence can also be understood as a form of catalysis in the
usual sense of resource theories, in which R is required
to be unchanged and uncorrelated with S [25]. Second,
note that coherence cloning implies coherence broadcast-
ing, but the converse is not true: broadcasting allows
correlations to be created between S and R. Third, co-
herence broadcasting is in a precise sense a generalization
of the notion of broadcasting of the states {ρR(t)}t∈R, as
we show in the Supplemental Material. It is unrelated,
however, to the notions used in Refs. [26, 27].
Using a construction by Janzing et al. [6], it is easy to
see that coherence cloning is impossible (see also [28]).
For a quantum system with Hamiltonian H in state ρ,
define the quantum Fisher information as I(ρ,H) :=
tr(ρ˙∆−1ρ ρ˙), where ∆ρB := (ρB+Bρ)/2 and ρ˙ := i[ρ,H].
Then I is non-increasing under covariant maps E , i.e.
I(E(ρ), H) ≤ I(ρ,H), and it is additive on tensor prod-
ucts, i.e. I(ρ ⊗ ρ˜, H ⊗ 1 + 1 ⊗ H˜) = I(ρ,H) + I(ρ˜, H˜).
Eq. (6) implies that I(ρR, HR) + I(ρ
′
S , HS) = I(ρR ⊗
ρ′S , HRS) ≤ I(ρR⊗ ρS , HRS) = I(ρR, HR) + I(ρS , HS) =
I(ρR, HR). Hence I(ρ
′
S , HS) = 0, and so [ρ
′
S , HS ] = 0,
contradicting Definition 1.
Yet, impossibility of broadcasting cannot be proven
as easily: there are correlated states ρRS such that
I(ρR, HR) + I(ρS , HS) > I(ρRS , HRS), i.e. the sum of
the local coherences, as measured by the Fisher informa-
tion, can be larger than the global coherence [29, 30]. In
other words, correlations can decrease the total amount
of coherence, which is what makes broadcasting seem
less unlikely than cloning. While I can be used to rule
out stronger versions of coherence distribution, the tech-
niques of [6] are not sufficient to rule out coherence broad-
casting in the sense of our definition.
Nevertheless, here we show that
Theorem 1. Quantum coherence can neither be cloned
nor broadcast.
This theorem will follow as a special case (for G = R)
from Theorem 2 below. For completeness, we give a self-
contained proof in the Supplemental Material.
Application: no broadcasting of timing information be-
yond classical limit. One way to interpret the result is
that there is no way of using a state ρR that is sensitive to
time translations (a ‘clock’) to distribute timing informa-
tion into another system S, without affecting the state of
the clock. This holds even if correlations are allowed to
build up among system and clock. This can be contrasted
with the classical limit, represented by the limiting case
in which ρR is an unbounded reference [13] (one for which
the {ρR(g)}g∈G are mutually orthogonal). This is ex-
emplified by a coherent state |α〉 ∝ ∑∞n=0 αn/√n!|n〉,
which in the limit |α| → ∞ becomes an arbitrarily good
clock. Since the states {|α(t)〉}t∈R become arbitrarily
close to mutually orthogonal, the timing information can
be cloned arbitrarily well in the limit (see Supplemen-
tal Material). In other words, classical clocks (idealized
infinite limits of quantum clocks) can distribute tim-
ing information without being degraded, but no finite-
dimensional quantum clock can. We will see in The-
orem 3 that even weaker forms of distribution of time
information require infinite clocks.
Is coherence broadcasting as defined above possible
in infinite-dimensional systems? We leave this question
open, as the answer may depend on the details of the
mathematical formulation of the problem (see additional
comments in the Supplemental Material).
Application: coherent limitations of correlating ther-
mal machines. Our results also resolve an open problem
from Ref. [9]. There, it was shown that for any given
pair of block-diagonal states ρA, ρ
′
A, there exists another
system R (a ‘machine’) in state σR such that
ρA ⊗ σR 7→ ρ′A()|σR
via a thermal operation, where ρ′A() is arbitrarily close
to the desired target state ρ′A, if and only if F (ρA) ≥
F (ρ′A). Here F is the non-equilibrium quantum free en-
ergy, F (σX) = Tr [σXHX ] − kBTS(σX), with kB Boltz-
mann’s constant, S the von Neumann entropy, and T
the ambient temperature. This is in stark contrast to
the ‘infinite second laws’ that need to hold when no cor-
relations between A and R are allowed at the output [19].
In that paper, it was conjectured that this statement re-
mains true also in the fully quantum regime, i.e. if ρ′A is
not block-diagonal (but ρA possibly is). However, Theo-
rem 1 disproves this conjecture: if ρA is incoherent then
so is ρ′A. In other words, correlating thermal machines
are quantum-limited.
Application: no thermodynamic generation of coher-
ence without disturbance. Recent results have established
the fundamental work cost of quantum processes un-
der the assumption that Gibbs-preserving maps (i.e. the
4set of all channels satisfying EG(e−βHS/Tr
[
e−βHS
]
) =
e−βHS/Tr
[
e−βHS
]
for some fixed β ≥ 0) can be per-
formed at no work cost. However, the question was raised
of what their coherent cost is [8]. Suppose that we achieve
EG by an energy preserving unitary U as
EG(ρS) = TrRB
[
U(ρR ⊗ |W 〉〈W |B ⊗ ρS)U†
]
,
using a battery B with some Hamiltonian HB such that
HB |W 〉 = W |W 〉, a coherence source R with Hamilto-
nian HR and state ρR, while [U,HR +HB +HS ] = 0.
Then assume [ρS , HS ] = 0 and [EG(ρS), HS ] 6= 0, i.e. EG
creates coherence (this is possible [33]). Since E(ρR ⊗
ρS) := TrB
[
U(ρR ⊗ |W 〉〈W |B ⊗ ρS)U†
]
is R-covariant,
it follows from the no coherence broadcasting theorem
that the state in R must change, regardless of whether,
or how much, energy from the battery B is consumed in
the process (the same holds if, instead of U , we use a
generic thermal operation).
Asymmetry broadcasting. The above results are not
restricted to coherence in the basis of a single observable
like HS . They generalize as follows:
Definition 2 (Asymmetry broadcasting). We say that
R can broadcast G-asymmetry if there exists a system S
in a G-symmetric state ρS and a G-covariant operation
E on RS such that
E(ρR ⊗ ρS) = ρR|ρ′S
with ρ′S a G-asymmetric state.
Theorem 2. G-asymmetry broadcasting is impossible
for every connected Lie group G.
For example, rotationally symmetric dynamics cannot
be used to broadcast coherence among angular momen-
tum states from an initial superposition of such states. In
the language of quantum reference frames [13], the above
result says that the asymmetry of a quantum reference
frame ρR cannot be broadcast. Of course, this also im-
plies the simpler result that a quantum reference frame
cannot be cloned.
A detailed proof is given in the Supplemental Ma-
terial, but the main idea is as follows. If E is G-
covariant as in Definition 2, then [URg ⊗ USg , E ] = 0,
hence E(ρR(g) ⊗ ρS) = E ◦ URg ⊗ USg (ρR ⊗ ρS) = URg ⊗
USg (ρR|ρ′S) = ρR(g)|ρ′S(g). While this is not literally
broadcasting (ρ′S(g) is not in general a copy of ρR(g)),
this shows that E distributes some quantum information
of R into S: the ρR(g) are not all perfectly distinguish-
able, yet some information that potentially helps distin-
guish them is transferred to S, while the ρR(g) are ex-
actly preserved. Intuitively, this seems impossible, and
this intuition can be made rigorous by employing what
is known as the Koashi-Imoto decomposition [34, 35]; see
the Supplemental Material.
Similarly, connectedness of the Lie group G is cru-
cial. G-asymmetry for discrete groups G can be
broadcast in some cases. For example, consider the
case G = Sn, the permutation group on n ele-
ments, acting on R = S = Cn via Upi|i〉 = |pi(i)〉
for pi ∈ Sn. Then the measure-and-prepare channel
E(σRS) =
∑n
i=1 tr(|i〉〈i|R ⊗ 1SσRS)|iRiS〉〈iRiS | is G-
covariant and satisfies E(|j〉〈j|R⊗1S/n) = |jRjS〉〈jRjS |,
i.e. it maps the G-invariant maximally mixed state on S
to a G-asymmetric pure state on S while leaving the re-
duced state on R invariant. Intuitively, asymmetry with
respect to the permutation group corresponds to classical
information which can be cloned and broadcast.
Weak broadcasting. While cloning and broadcasting of
quantum coherence are impossible, the argument above
does not exclude weaker forms of this phenomenon. It is
in this setting that we can understand the protocol pro-
posed in Ref. [11], which we call weak broadcasting (it
was called ‘repeatability’ in Ref. [10, 32] and ‘coherence
catalysis’ in Ref. [11]). The key difference from coher-
ence broadcasting is that the state of the reference ρR is
allowed to change. Weak broadcasting only requires that
the output state in R can be reused in order to induce the
same process, arbitrarily many times. More precisely:
Definition 3 (Weak broadcasting of coherence or asym-
metry, Fig. 1). We say that R can weakly broadcast G-
asymmetry (or coherence if G = R) if there exists a sys-
tem S in a G-symmetric state ρS and an arbitrary se-
quence of G-covariant operations (E(n))n∈N and of states
(ρ
(n)
R )n∈N such that
E(n)
(
ρ
(n)
R ⊗ ρS
)
= ρ
(n+1)
R |ρ′S
for every n ∈ N, where ρ′S is G-asymmetric.
In contrast to (strong) broadcasting as introduced in
Definition 2, weak broadcasting allows the state of the
reference R to change, as long as it does not lose its
ability to locally enable the transition ρS → ρ′S on fur-
ther initially uncorrelated copies of the system S. This
is arguably a physically relevant notion, formalizing the
most general idea of “catalytic” and non-degrading use
of a reference frame. Weak broadcasting of coherence
is possible — this is one way to phrase the main result
of Ref. [11] (in fact, the explicit protocol presented has
n-dependence only in ρR, but not in E). However, the
specific scheme proposed exploits an infinite-dimensional
source of coherence ρR to perform weak broadcasting. A
natural question arises: are infinite-dimensional systems
truly necessary, or could the same phenomenon arise with
finite-dimensional reference frames? In Ref. [10, arXiv
v1], it was conjectured that infinite-dimensional coher-
ence sources are necessary. Here we prove that the con-
jecture holds:
Theorem 3. If R is finite-dimensional, then weak broad-
casting of coherence or G-asymmetry is impossible, for
any connected Lie group G.
The proof is given in the Supplemental Material. Its
main idea is the observation that, in finite dimensions,
5the set of covariant channels and the set of states are com-
pact. Thus, if we have weak broadcasting, the sequences
E(n) and ρ(n)R must have accumulation points, which can
be used to construct another state and channel that can
be used for broadcasting. That is, in finite dimensions,
weak broadcasting implies (strong) broadcasting, which
is impossible according to Theorem 2.
Application: work extraction from coherence. Convert-
ing coherence among distinct energies of a system S into
free energy of an incoherent battery B, through energy
preserving unitaries on SB and a thermal environment
E, requires a coherence reference R [5, 36]. Current pro-
posals ensuring that R does not degrade (in the sense
of our definition of weak broadcasting) take R to be a
continuous system [7], a doubly-infinite ladder [11] or a
bounded from below but still infinite ladder [32]. The
question is left open in [7] if a finite-dimensional R suf-
fices. Theorem 3 answers it to the negative.
Conclusions. We have shown that broadcasting of co-
herence or asymmetry is impossible, while weak coher-
ence broadcasting a` la A˚berg necessarily requires infinite-
dimensional reference systems – which is arguably a
rather interesting property of a quantum information
primitive. Here we have focused on no-go results, but,
similarly to the standard no-cloning theorem, one could
study in more detail the case in which R is allowed to
degrade. Our no-go result does not put any constraints
on this scenario, where one expects trade-offs between
degradation and creation of asymmetry that depend on
the figure of merit of interest.
Our results also find application in the context of “ex-
otic heat machines” [37], specifically those whose aim is
to generate energy coherence from thermal resources. By
identifying R with the state of the machine, Theorem 2
implies that coherence cannot be created in initially inco-
herent systems while maintaining the machine (but not
necessarily the thermal bath) in a fixed point. This also
recovers and generalizes some results of Ref. [38]: in or-
der to amplify coherence in physical systems with a sta-
tionary (possibly coherent) machine, these systems must
themselves contain some initial coherence. It would be
interesting to generalize our results by deriving funda-
mental bounds on the possibility of amplifying some ini-
tial amount of coherence or asymmetry, but such results
will have to depend on the choice of coherence measure,
in contrast to our fundamental impossibility results.
Acknowledgments. We are grateful to Joe Renes for
drawing our attention to Ref. [6], and to Iman Mari-
van and Rob Spekkens for discussions and for coordi-
nating the submission of their related work [47] with
us. ML acknowledges financial support from the the
European Union’s Marie Sklodowska-Curie individual
Fellowships (H2020-MSCA-IF-2017, GA794842), Span-
ish MINECO (Severo Ochoa SEV-2015-0522 and project
QIBEQI FIS2016-80773-P), Fundacio Cellex and Gen-
eralitat de Catalunya (CERCA Programme and SGR
875). This research was supported in part by Perimeter
Institute for Theoretical Physics. Research at Perime-
ter Institute is supported by the Government of Canada
through the Department of Innovation, Science and Eco-
nomic Development Canada and by the Province of On-
tario through the Ministry of Research, Innovation and
Science.
SUPPLEMENTAL MATERIAL
Scope
Our no-go results apply to the ‘unspeakable’ or ‘energetic’ notion of coherence, in which eigenstates like |0〉 or
|1〉 have physical meaning (e.g. as eigenstates of some Hamiltonian or number operator), and where superpositions
like |0〉 + |1〉 and |0〉 + |2〉 are not in general equivalent. This should be distinguished [3] from a computational (or
’speakable’) notion of coherence that has received much attention recently [27, 39], in which the labels ‘0’, ‘1’, ‘2’
have no physical significance. As discussed above, it is the processing of unspeakable coherence that is the relevant
resource in fields like quantum thermodynamics and quantum metrology. It is within these areas that our results
impose fundamental limitations on the processing of superpositions.
Proof of Theorem 1
Let [ρS , HS ] = 0, and ρ
′
RS := E(ρR ⊗ ρS) with reduced states ρ′S and ρ′R = ρR, and E a covariant map with respect
to HS⊗1R+1S⊗HR. All systems are taken to be finite-dimensional. We prove the statement by showing that these
assumptions imply [ρ′S , HS ] = 0.
For X ∈ {S,R,RS} and t ∈ R, define UXt (•) := e−itHX • eitHX , and for any state σX define σX(t) := UXt (σX). We
have URSt = URt ⊗ USt , and so
E(ρR(t)⊗ ρS) = E ◦ URSt (ρR ⊗ ρS) = URt ⊗ USt ◦ E(ρR ⊗ ρS),
6hence TrR[E(ρR(t)⊗ ρS)] = ρ′S(t) and TrS [E(ρR(t)⊗ ρS)] = ρR(t). It follows that if we define
T (σR) := TrS [E(σR ⊗ ρS)]
we have T (ρR(t)) = ρR(t) for all t ∈ R.
From the above, coherence broadcasting implies the existence of a quantum operation E and a state ρS with ρS(t)
constant in t satisfying (using the notation introduced in the main text)
E(ρR(t)⊗ ρS) = ρR(t)|ρ′S(t), (7)
with ρ′S(t) not constant in t.
Let us then focus on Eq. (7). Let R˜ be the smallest subspace of R that supports all the ρR(t), i.e. R˜ :=
span
⋃
t∈R supp ρR(t). There is a finite subset T ⊂ R such that the state ρ¯R := 1|T |
∑
t∈T ρR(t) has supp ρ¯R = R˜; more-
over, T (ρ¯R) = ρ¯R. Denoting the orthogonal projector onto R˜ by ΠR˜, it follows from [40, Prop. 6.10] that σR ≤ ΠR˜
implies T (σR) ≤ ΠR˜. That is, we can consider T as a channel on the states of R˜ by restricting its domain of definition
to this subspace. Let us define R′ to be the orthogonal complement of R˜ in R, i.e. R = R˜⊕R′. Furthermore, for any
subspace X, let ΠX denote the orthogonal projector onto X. Define a new channel E˜ on R˜S ≡ R˜⊗ S ⊆ R⊗ S via
E˜(ρR˜S) := ΠR˜SE(ρR˜S)ΠR˜S + Tr [ΠR′SE(ρR˜S)] ·
1R˜S
dR˜S
,
where dR˜S = dim(R˜ ⊗ S). This is a completely positive trace-preserving map. To compute its action on ρR(t)⊗ ρS ,
note that
Tr [ΠR˜SρR(t)|ρ′S(t)] = Tr [ΠR˜ ⊗ 1SρR(t)|ρ′S(t)] = TrR [ΠR˜TrS (ρR(t)|ρ′S(t))] = TrR [ΠR˜ρR(t)] = 1.
Thus Tr [ΠR′SE(ρR(t)⊗ ρS)] = 0 and ΠR˜SE(ρR(t)⊗ ρS)ΠR˜S = ρR(t)|ρ′S(t). This shows that
E˜(ρR(t)⊗ ρS) = ρR(t)|ρ′S(t).
In other words, we can replace R by R˜ and E by E˜ , and we still have Eq. (7). Moreover, the minimal subspace
supporting all ρR(t) is R˜, and T˜ (σR˜) := TrS [E˜(σR˜ ⊗ ρS)] defines a channel on R˜, since it is the restriction of T to
R˜. Clearly, T˜ (ρR(t)) = ρR(t) for all t ∈ R. This allows us to use the results of [35]; we will drop the tildes on R˜, E˜
and T˜ from now on. Consider any (not necessarily covariant) Stinespring dilation of the channel E , i.e. an ancillary
system E, a unitary URAE and a state ρE such that
E(σRS) = TrE
[
URSE(σRS ⊗ ρE)U†RSE
]
.
Now we use the Koashi-Imoto decomposition [34] as presented in [35]. Since T (ρR(t)) = ρR(t) for every t, it says that
there exists a decomposition of the form
R =
⊕
j
Jj ⊗Kj , ρR(t) =
⊕
j
qj|tρj|t ⊗ ωj , URSE =
⊕
j
1Jj ⊗ VKjSE ,
where the (qj|t)j are probability distributions over j, every ρj|t is a state on Jj , ωj is a state on Kj (independent
of t). For every t ∈ R and every j, define spec ρ(j)R (t) as the vector of eigenvalues of ρ(j)R (t) := qj|tρj|t ⊗ ωj =
ΠJj⊗KjρR(t)ΠJj⊗Kj in non-increasing order. According to Weyl’s Perturbation Theorem [41], this expression is
continuous in t. Since the spectrum of ρR(t) is independent of t, the entries of spec ρ
(j)
R (t) are a subset of the discrete
set of eigenvalues of ρR = ρR(0). Consequently, continuity forces spec ρ
(j)
R (t) to be constant in t. Hence, qj|t = tr ρ
(j)
R (t)
is independent of t, and will henceforth be called qj . We obtain
ρ′S(t) = TrRE
[
URSE (ρR(t)⊗ ρS ⊗ ρE)U†RSE
]
= TrRE
⊕
j
qjρj|t ⊗ VKjSE (ωj ⊗ ρS ⊗ ρE)V †KjSE

=
∑
j
qjTrKjE
[
VKjSE (ωj ⊗ ρS ⊗ ρE)V †KjSE
]
,
where in the second line we used the relation (Rj ≡ Jj ⊗Kj)
Tr⊕jRjE
(⊕jQRjSE) = ∑
j
TrRjE
(
QRjSE
)
,
where each QRjSE is an operator on RjSE. This expression is independent of t, hence ρ
′
S(t) = ρ
′
S(0) for all t, which
implies that [ρ′S , HS ] = 0.
7Coherence broadcasting vs. broadcasting
If E is any quantum operation (not necessarily covariant) and Eq. (7) holds (for all t), then one can check that the
definition of coherence broadcasting is satisfied for the covariant map E˜ := limT→∞ 1T
∫ T
0
U−t◦E◦Ut dt (diagonalization
and direct integration shows that this limit exists, and that this map is covariant), i.e. E˜(ρR⊗ρS) = ρR|ρ′S . Conversely,
as we proved above, Eq. (7) follows from the definition of coherence broadcasting. We conclude that Eq. (7) is
equivalent to coherence broadcasting. Note in passing that, if we fixed S ≡ R and required ρ′S(t) ≡ ρR(t), then
coherence broadcasting would be equivalent to (standard) broadcasting of the states {ρR(t)}t∈R (a minor remark: if
the energies in HR are rational and R is finite-dimensional, then t will range only within a finite interval). Due to the
extra freedom, however, we cannot prove the no coherence broadcasting theorem from the standard no broadcasting
theorem.
Cloning timing (and asymmetry) information in the classical limit
If we consider the coherent state |α〉R, then {|α(t)〉R}t∈R become all mutually orthogonal in the limit |α| → ∞.
From the equivalence of coherence cloning with Eq. (7), and the fact that mutually orthogonal states can be cloned,
it follows that as we approach the classical limit we can clone the timing information arbitrarily well, i.e. coherence
can be cloned with arbitrary precision (see also [10]). The same holds true for every sequence of ρ
(n)
R such that ρ
(n)
R (t)
become arbitrarily close to a family of mutually orthogonal states as n→∞. Our no-go theorem is then compatible
with the classical intuition that timing information (as well as other asymmetry information, such as directional
information) can be distributed without degrading the corresponding reference frame.
Proof of Theorem 2
The proof is analogous to the proof of Theorem 1 with the following modifications. First, replace every UXt and
σX(t) by UXg and σX(g), with g ∈ G, and replace the equations [ρA, HA] = 0 and [ρ′A, HA] = 0 by the statements that
ρA resp. ρ
′
A are G-invariant. Furthermore, qj|t will be replaced by qj|g, and ρj|t by ρj|g. Note that the assumption
of connectedness of G becomes relevant in the argument which uses continuity of spec ρ
(j)
B (g) to conclude that these
spectra are constant in g.
Further comments on Theorem 2
At first glance it may seem as if there was a mistake in the formulation of the theorem: the trivial group G = {1}
is a connected Lie group; but isn’t G-asymmetry broadcasting possible for this group G? The answer is: no, it
is not. That is because all states are G-symmetric under the trivial group G, hence no operation can create any
G-asymmetry, and G-asymmetry broadcasting is trivially impossible.
There is another question that suggests itself at first glance: should we really demand in the formulation of the
theorem that G is a connected Lie group? Wouldn’t it be sufficient to demand that G has a non-trivial connected
component at the identity (call it G0)? For example, we could have G = O(3) and G0 = SO(3). Since G0-asymmetry
broadcasting is impossible, doesn’t this imply that G-asymmetry broadcasting is impossible?
Unfortunately, this implication is not in all cases correct. To see this, consider the example G = U(1) × Sn,
where Sn is the permutation group of n elements. In this case, G0 = {(eiθ,1)} is non-trivial, but consider the group
representation Ug = pi for g = (e
iθ, pi), representing G on Cn. Using two copies of this representation, the discrete
group asymmetry broadcasting example from the main text shows that G-asymmetry broadcasting is possible. This
is clearly a very special case, owing to the fact that G contains the permutation group as a normal subgroup.
Nevertheless, it disproves the conjecture that we have just described. Since connected Lie groups are the physically
most interesting groups, we do not pursue this analysis (of more general Lie groups) further at this point.
Proof of Theorem 3
Assume weak broadcasting as in the statement of the theorem. Since the set of density matrices on R is compact,
there exists a convergent subsequence (ρ
(nk)
R )k∈N. Set σ
(k)
R := ρ
(nk)
R and σR := limk→∞ σ
(k)
R . For every m ∈ N, we now
8define a channel Cm from states on RS to states on RS as follows. Consider many copies of the system S, labeled
by Snm , Snm+1, . . . , Snm+1−1 (these are nm+1 − nm many). We also introduce the special label S := Snm . Now we
act with a suitable sequence of E-channels on RSi for i = nm, . . . nm+1 − 1; every use of the suitable E preserves the
usability of the state on R and transforms the local state in Si into ρ
′
S . Formally, we define Cm as follows, for any
state τRS on RS:
Cm(τRS) := TrSnmSnm+1...Snm+1−2
[
E(nm+1−1)RSnm+1−1 ◦ . . . ◦ E
(nm+1)
RSnm+1
◦ E(nm)RSnm
(
τRS ⊗ ρSnm+1 ⊗ ρSnm+2 ⊗ . . .⊗ ρSnm+1−1
)]
,
where the subscript at the E denotes the tensor factors on which they act, and the ρSi are copies of a fixed ρS with
[ρS , HS ] = 0 at the corresponding tensor factors. For clarity, here is an example: if e.g. n1 = 2 and n2 = 5, then
C1(τRS) ≡ C1(τRS2) = TrS2S3
[
E(4)RS4 ◦ E
(3)
RS3
◦ E(2)RS2 (τRS2 ⊗ ρS3 ⊗ ρS4)
]
.
In this example, by first performing the partial trace over S2, we obtain
C1
(
ρ
(2)
R ⊗ ρS2
)
= TrS3
[
E(4)RS4 ◦ E
(3)
RS3
(
ρ
(3)
R ⊗ ρS3 ⊗ ρS4
)]
= E(4)RS4
(
ρ
(4)
R ⊗ ρS4
)
= ρ
(5)
R |ρ′S .
Generalizing this example, we have
Cm
(
σ
(m)
R ⊗ ρS
)
= Cm
(
ρ
(nm)
R ⊗ ρSnm
)
= ρ
(nm+1)
R |ρ′S = σ(m+1)R |ρ′S .
Moreover, every channel Cm is G-covariant, since it is a composition of covariant channels and the ancillas used are
symmetric. Taking again the previous example for the sake of clarity, we have for every g ∈ G
C1(URg ⊗ US2g (τRS2)) = TrS2S3
[
E(4)RS4 ◦ E
(3)
RS3
◦ E(2)RS2URg ⊗ US2g ⊗ US3g ⊗ US4g (τRS2 ⊗ ρS3 ⊗ ρS4)
]
= TrS2S3
[
URg ⊗ US2g ⊗ US3g ⊗ US4g E(4)RS4 ◦ E
(3)
RS3
◦ E(2)RS2 (τRS2 ⊗ ρS3 ⊗ ρS4)
]
= URg ⊗ US4g C1(τRS2),
which, by identification of the spaces Si, can also be rewritten as C1(URg ⊗ USg (τRS)) = URg ⊗ USg C1(τRS). The same
holds for every Cm.
The set of G-covariant channels on the states of a finite-dimensional Hilbert space is topologically closed. To show
this, let ‖X‖ := tr|X| be the trace norm, and Mn a sequence of covariant channels converging to M. Without loss
of generality, we consider the induced norm ‖M‖ := sup‖X‖=1 ‖M(X)‖. Then, for every ρ and every g ∈ G,
‖Ug(M(ρ))−M(Ug(ρ))‖ ≤ ‖Ug(M(ρ))−Mn(Ug(ρ))‖+ ‖Mn(Ug(ρ))−M(Ug(ρ))‖
≤ ‖Ug(M(ρ))− Ug(Mn(ρ))‖+ ‖Mn −M‖ = ‖M(ρ)−Mn(ρ)‖+ ‖M−Mn‖
≤ 2‖M−Mn‖ n→∞−→ 0,
where for the first inequality we used the triangle inequality, for the second inequality we used the covariance of Mn
and the definition of the induced norm, for the third inequality we used the unitary invariance of the trace norm, and
for the limit we used the assumption that Mn converges to M. This proves that Ug(M(ρ)) = M(Ug(ρ)), i.e. that
the limit channel is covariant. Finally, since the full set of channels is compact (and thus bounded), so is the set of
G-covariant channels.
Since the set of covariant channels is compact, the sequence (Cm)m∈N has a convergent subsequence (Cmk)k∈N.
Define C := limk→∞ Cmk , then C is covariant and satisfies C(σR ⊗ ρS) = σR|ρ′S (since σ(k)R converges to σR). That is,
we have strong broadcasting of G-asymmetry, which is impossible according to Theorem 2.
Comment on infinite-dimensional reference systems R
While weak broadcasting is impossible for finite-dimensional references according to Theorem 3, A˚berg’s result [11]
shows that it can be accomplished with infinite-dimensional R. At first sight, there is a natural intuition for why
the change of state of R seems crucial to achieve broadcasting, which is reminiscent of the idea of “Hilbert’s hotel”:
similarly as we can always create a free room in Hilbert’s hotel by shifting all existing guests towards infinity, we
can think of extracting ever more coherence (or, more generally, G-asymmetry) from R by pushing its quantum state
9towards energetic infinity (increasing its support indefinitely). This operation, as the argumentation goes, would
basically “steal” some of the G-asymmetry of R (of which there is, in some sense, an infinite amount) and move it to
the system of interest. This seems impossible without changing the state of R. Therefore, this intuition would suggest
that strong broadcasting of coherence or asymmetry (in the sense of Definition 2) will most likely be impossible.
However, at closer inspection, this intuitive argumentation does not fully hold up. First, while Hilbert’s hotel starts
out with a literally infinite supply of resources (i.e. empty rooms), A˚berg’s protocol begins in a well-defined quantum
state with finite support that does not in any obvious way hold an infinite amount of coherence. Second, there are
results in the literature which show that infinite-dimensional reference systems can act as “strong” catalysts along the
lines we demand (though in a different context that does not involve asymmetry). Namely, in Ref. [31], it is shown
that infinite-dimensional R allow for “perfect embezzlement” of quantum entanglement. That is, consider two agents
A and B that start with local states |0〉A and |0〉B that they want to transform into an entangled state. Furthermore,
suppose that they share a reference system R and that A (B) can perform a set of operations that commutes with those
of B (A) (this restricts them to “local operations” in a specific sense). Then, they can implement the transformation
|0〉A ⊗ |0〉B ⊗ |ψ〉R 7→ |ϕ+〉AB ⊗ |ψ〉R
exactly, where |ϕ+〉AB is a maximally entangled state on AB, and |ψ〉R is an entangled state of the reference that acts
as a catalyst. (Note that this is different from the well-known results on finite-dimensional embezzling by van Dam
and Hayden [44], in which the state of the catalyst is only approximately preserved). Applying our terminology to this
setup, we could say that this is a case where the resource of entanglement is strongly broadcast (in fact, cloned). This
example suggests that strong broadcasting of asymmetry, even though intuitively unlikely, may not be impossible for
infinite-dimensional references in all cases.
This example also shows that the behavior of the infinite-dimensional case may depend strongly on its detailed
mathematical formulation, reflecting alternative possibilities to model the physical control of the quantum systems.
Namely, it is shown in Ref. [31] that this sort of perfect embezzling is only possible if the notion of locality on R is
defined in terms of commuting operators (resembling the usual approach of quantum field theory), and not in terms
of tensor products of Hilbert spaces. This warns us that the (im)possibility of broadcasting of G-asymmetry may
well depend on the details of the mathematical formulation, like the types of operator algebras we allow for R and
assumptions of how the group G is allowed to act on it.
Revised conjecture on correlating thermal machines
As mentioned in the main text, the following result is proven in Ref. [9]: if ρA and ρ
′
A are block-diagonal quantum
states, then for every  > 0 there exists a finite-dimensional catalyst σR, a thermal operation T , and a state ρ′A()
with ‖ρ′A()− ρ′A‖ <  such that
T (ρA ⊗ σR) = ρ′A()|σR (8)
if and only if F (ρA) ≥ F (ρ′A). It has been conjectured in Ref. [9] that this result is also true for states that are not
block-diagonal, i.e. in the presence of coherence.
However, Theorem 1 disproves this conjecture, which can be seen as follows. Choose any pair of states ρA, ρ
′
A with
F (ρA) ≥ F (ρ′A) such that [ρA, HA] = 0 (i.e. ρA is block-diagonal) but [ρ′A, HA] 6= 0 (and hence [ρ′A(), HA] 6= 0 if  is
small enough). Then Eq. (8) would be a case of coherence broadcasting which is impossible.
This argument rests crucially on the fact that every T is a thermal operation and thus covariant. However, there
is another set of operations of thermodynamic relevance which enables the same set of transitions between pairs of
block-diagonal states, but admits more transitions between states with coherence [33]: these are the Gibbs-preserving
maps, i.e. the completely positive, trace-preserving maps T with T (γX) = γX for the thermal state γX . Not all
Gibbs-preserving maps are covariant, hence the argument above does not apply to them. This suggests the following
revised conjecture:
Conjecture 1 (Free energy for states with coherence). Consider a pair of quantum states ρA, ρ
′
A on a finite-
dimensional quantum system A. Then, for every  > 0 there exists a finite-dimensional catalyst σR, a Gibbs-preserving
operation G, and a state ρ′A() with ‖ρ′A()− ρ′A‖ <  such that
G(ρA ⊗ σR) = ρ′A()|σR
if and only if F (ρA) ≥ F (ρ′A).
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Relation to the “No-Local-Broadcasting Theorem for Multipartite Quantum Correlations” by Piani et al. [45]
In Ref. [45], the authors present a different kind of no-broadcasting result which can be related to some special
cases of our work. To understand this relation, recall that the asymmetry of a quantum reference frame can be
treated externally (i.e., be defined with respect to an implicit classical reference, as we did here) or explicitly (through
correlations with the quantum state of this classical reference). It is shown in Ref. [13] that both pictures are
equivalent. We will now discuss the case of a finite group G, but we conjecture that similar conclusions can be drawn
for connected Lie groups by a suitable limit procedure.
Treating the reference R explicitly, we model it by saying that it is in some state ρR(g), where g ∈ G is a random
variable carried by a classical reference frame C, described by a |G|-dimensional Hilbert space with orthonormal basis
{|g〉}g∈G. That is,
ρCR =
1
|G|
∑
g∈G
|g〉〈g|C ⊗ ρR(g).
Note that tracing out C produces a G-symmetric state on R.
Suppose that we have an additional system S in a G-symmetric state ρS . As we have shown in the main text,
if G-asymmetry broadcasting is possible, then there exists a quantum operation that transforms ρR(g) ⊗ ρS into
ρR(g)|ρ′S(g), for all g ∈ G. Applying this map to one half of the state ρCR, and at the same time copying the classical
register C into another classical register C ′, gives us a transition
1
|G|
∑
g∈G
|g〉〈g|C ⊗ ρR(g)⊗ ρS 7→ 1|G|
∑
g∈G
|g〉〈g|C ⊗ |g〉〈g|C′ ⊗ ρR(g)|ρ′S(g) =: ρCC′RS
via some quantum operation.
Consider the special case that S has the same Hilbert space dimension as R, and that ρ′S = ρR(1), where 1 ∈ G
is the unit element of G. If this is the case, then ρCC′RS is a broadcast state for ρ :=
1
|G|
∑
g∈G |g〉〈g| ⊗ ρR(g) in the
sense of Ref. [45], since ρCR = ρC′S = ρ. The existence of the aforementioned quantum operation thus implies that ρ
is locally broadcastable. But then, Theorem 3 in Ref. [45] shows that ρ is a “classical-classical” state, i.e.
[ρR(g), ρR(g
′)] = 0 if g 6= g′. (9)
For finite groups G, this is possible if ρR(g) = |g〉〈g|, i.e. if R is also a classical reference. Assuming that the
argumentation above can be generalized to connected non-trivial Lie groups G, eq. (9) tells us that, for such groups,
the reference R has to be infinite-dimensional. This establishes no broadcasting of asymmetry (our Theorem 2),
however only in the special case that ρ′S = ρR(1), i.e. ρ
′
S = ρR in our definition of asymmetry broadcasting (Definition
2). However, this special case can be more directly excluded via the traditional no-broadcasting theorem.
In fact, using Theorem 3 of Ref. [45], one can obtain a slightly stronger result which is, however, still weaker than
our Theorem 2. This result of Ref. [45] says that the transition above is impossible if we demand I(C : R) = I(C ′ : S)
for the mutual information (which is weaker than ρCR = ρC′S). A simple calculation shows that I(C : R) = A(ρR(1)),
where A is the “relative entropy of frameness”, a measure of asymmetry defined in Ref. [46] as
A(σ) = S(σ‖G(σ)), G(σ) =
∫
dgUgσU
†
g . (10)
Repeating the argumentation from above, this tells us that G-asymmetry broadcasting under the additional constraint
that A(ρR) = A(ρ
′
S) is impossible.
[1] V. Scarani, S. Iblisdir, B. Gisin, and A. Ac´ın, Quantum cloning, Rev. Mod. Phys. 77, 1225 (2005).
[2] H. Barnum, C. M. Caves, C. A. Fuchs, R. Josza, and B. Schumacher, Noncommuting Mixed States Cannot Be Broadcast,
Phys. Rev. Lett. 76, 2818 (1996).
[3] I. Marvian and R. W. Spekkens, How to quantify coherence: Distinguishing speakable and unspeakable notions, Phys. Rev.
A 94, 052324 (2016).
[4] I. Marvian, R. W. Spekkens, and P. Zanardi, Quantum speed limits, coherence, and asymmetry, Phys. Rev. A 93, 052331
(2016).
[5] M. Lostaglio, D. Jennings, and T. Rudolph, Description of quantum coherence in thermodynamic processes requires con-
straints beyond free energy, Nat. Commun. 6, 6383 (2015).
11
[6] D. Janzing and T. Beth, Quasi-order of clocks and their synchronism and quantum bounds for copying timing information,
IEEE Trans. Inf. Th. 49(1), 230–240 (2003).
[7] A. S. L. Malabarba, A. J. Short, and P. Kammerlander, Clock-driven quantum thermal engines, New J. Phys. 17, 045027
(2015).
[8] P. Faist and R. Renner, Fundamental Work Cost of Quantum Processes, Phys. Rev. X 8, 021011 (2018).
[9] M. P. Mu¨ller, Correlating thermal machines and the second law at the nanoscale, Phys. Rev. X 8, 041051 (2018).
[10] C. Cirstoiu and D. Jennings, Irreversibility and quantum information flow under global & local gauge symmetries,
arXiv:1707.09826v1 (2017).
[11] J. A˚berg, Catalytic Coherence, Phys. Rev. Lett. 113, 150402 (2014).
[12] M. Oszmaniec, A. Grudka, M. Horodecki and A. Wo´jcik, Creating a Superposition of Unknown Quantum States, Phys.
Rev. Lett. 116, 110403.
[13] S. D. Bartlett, T. Rudolph, and R. W. Spekkens, Reference frames, superselection rules, and quantum information, Rev.
Mod. Phys. 79, 555 (2007).
[14] I. Marvian and R. W. Spekkens, Extending Noether’s theorem by quantifying the asymmetry of quantum states, Nat.
Commun. 5, 3821 (2014).
[15] I. Marvian, Symmetry, Asymmetry and Quantum Information, Ph.D. thesis, University of Waterloo, 2012.
[16] M. Keyl and R. F. Werner, Optimal cloning of pure states, testing single clones, J. Math. Phys. 40, 3283 (1999).
[17] D. Janzing, P. Wocjan, R. Zeier, R. Geiss, Th. Beth, Thermodynamic Cost of Reliability and Low Temperatures: Tightening
Landauer’s Principle and the Second Law, Int. J. Theor. Phys. 39, 2717 (2000).
[18] M. Horodecki and J. Oppenheim, Fundamental limitations for quantum and nanoscale thermodynamics, Nat. Comm. 4,
2059 (2013).
[19] F. Branda˜o, M. Horodecki, N. Ng, J. Oppenheim, and S. Wehner, The second laws of quantum thermodynamics, Proc.
Natl. Acad. Sci. 112(11), 3275–3279 (2015).
[20] M. Lostaglio, Thermodynamic laws for populations and quantum coherence: A self-contained introduction to the resource
theory approach to thermodynamics, arXiv:1807.11549.
[21] M. Ahmadi, The resource theory of asymmetry and some of its applications, Ph.D. thesis, Imperial College London (2012).
[22] S. D. Bartlett, T. Rudolph, B. C. Sanders, and P. S. Turner, Degradation of a quantum directional reference frame as a
random walk, J. Mod. Opt. 54, 2211 (2007).
[23] S. D. Bartlett, T. Rudolph, R. W. Spekkens, and P. S. Turner, Degradation of a quantum reference frame, New J. Phys.
8, 58 (2006).
[24] K. Korzekwa, Coherence, thermodynamics and uncertainty relations, Ph.D. thesis, Imperial College London (2016).
[25] D. Jonathan and M. B. Plenio, Entanglement-Assisted Local Manipulation of Pure Quantum States, Phys. Rev. Lett. 83,
3566 (1999).
[26] I. Chakrabarty, U. Kamal Sharma and M. K. Shukla, Broadcasting Quantum Coherence via Cloning, Phys. Rev. A 96,
052319 (2017)
[27] K. Bu, U. Singh, J. Wu, Catalytic coherence transformations, Phys. Rev. A 93, 042326 (2016)
[28] J. A. Vaccaro, S. Croke, and S. Barnett, Is coherence catalytic?, J. Phys. A: Math. Theor. (2018).
[29] F. Hansen, The Wigner-Yanase Entropy is not Subadditive J. Stat. Phys. (2007) 126:643 (2007)
[30] L. Cai, N. Li and S. Luo, Weak superadditivity of skew information, J. Phys. A: Math. Theor. 41 135301 (2008)
[31] R. Cleve, L. Liu, V. I. Paulsen Perfect Embezzlement of Entanglement, J. Math. Phys. 58, 012204 (2017)
[32] K. Korzekwa, M. Lostaglio, J. Oppenheim, and D. Jennings, The extraction of work from quantum coherence, New J. Phys.
18, 023045 (2016).
[33] P. Faist, J. Oppenheim, and R. Renner, Gibbs-preserving maps outperform thermal operations in the quantum regime, New
J. Phys. 17, 043003 (2015).
[34] M. Koashi and N. Imoto, Operations that do not disturb partially known quantum states, Phys. Rev. A 66(2), 022318
(2002).
[35] P. Hayden, R. Jozsa, D. Petz, and A. Winter, Structure of States Which Satisfy Strong Subadditivity of Quantum Entropy
with Equality, Commun. Math, Phys. 246(2), 359–374 (2004).
[36] P. Skrzypczyk, A. J. Short, and S. Popescu, Extracting work from quantum systems, arXiv:1302.2811.
[37] R. Uzdin, The second law and beyond in microscopic quantum setups, arXiv:1805.02065.
[38] G. Manzano, R. Silva, J. M. R. Parrondo, Autonomous thermal machine for amplification and control of energetic coherence,
arXiv:1709.00231.
[39] A. Streltsov, G. Adesso, and M. B. Plenio, Colloquium: Quantum coherence as a resource, Rev. Mod. Phys. 89, 041003
(2017).
[40] M. M. Wolf, Quantum Channels & Operations: Guided Tour, lecture notes, available at https://www-m5.ma.tum.de/
foswiki/pub/M5/Allgemeines/MichaelWolf/QChannelLecture.pdf, July 2012.
[41] R. Bhatia, Matrix Analysis, Springer, New York, 1997.
[42] M. Lostaglio, K. Korzekwa, and A. Milne, Markovian evolution of quantum coherence under symmetric dynamics, Phys.
Rev. A 96, 032109 (2017).
[43] D. Janzing, Decomposition of time-covariant operations on quantum systems with continuous and/or discrete energy spec-
trum, J. Math. Phys. 46, 122107 (2005).
[44] W. van Dam and P. Hayden, Universal entanglement transformations without communication, Phys. Rev. A 67, 060302(R)
(2003).
[45] M. Piani, P. Horodecki, and R. Horodecki, No-Local-Broadcasting Theorem for Multipartite Quantum Correlations, Phys.
12
Rev. Lett. 100, 090502 (2008).
[46] G. Gour, I. Marvian, and R. W. Spekkens, Measuring the quality of a quantum reference frame: The relative entropy of
frameness, Phys. Rev. A 80, 012307 (2009).
[47] I. Marvian, R. W. Spekkens, A no-broadcasting theorem for quantum asymmetry and coherence and a trade-off relation for
approximate broadcasting, Phys. Rev. Lett. 123, 020404 (2019).
